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Solution1:

As a die can show either an even or odd face when rolled, we have P(A) = P(B) =
Similarly, the sum of faces of two dice can be either of even or odd. Thus, P(C) =

Pair-wise independence

P(ANB) = P(Blue die shows even face N Red die shows even face)
Now there are only 4 combinations of (Blue die face, Red die face) possible such as: (Even,
Even), (Even, Odd), (Odd, Even) & (Odd, Odd). Thus, (Even, Even) is just 1 of 4 possible
outcomes.
Hence: P(ANB) =0.25

=(0.5)*(0.5)

=P(A).P(B)

Hence, A & B are independent.

This will be incorrect as it assumes independence of events A & B

P(BNC) = P(Red die shows even face N Sum of two faces is even)
= P(Red die shows even face n Blue die shows even face) [as sum of two evens is even]
=0.25
=P(B).P(C) [following the earlier argument]

Hence, B & C are independent.

Following similar argument, we can establish C & A are also independent.

Thus all three pairs are pair-wise independent.

Mutual independence

P(An BN C)
= P(Blue die shows even face N Red die shows even face n Sum of two faces is even)
= P(Blue die shows even face N Red die shows even face)

[as if Blue and Red die are even then sum will be even]
=0.25
#0.125 = P(A).P(B).P(C)

Thus, the events are not mutually independent. [Total 4]
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Solution 2 :
Setx=0:
P(X:}l)—IP(Xﬂii) 1 P(Xfii)—IF’(Xﬂii)
2/ =3)7 —2) 2
Thus:
P(x=l)=; = Median(X)=1.
[Total 2]
Solution 3 :

{Z3,21,Z5 ...} are independent random variables, each having a standard Normal distribution.

We know:
T
sz ~ X
i=1

i. Take n =5.

5
§ Ly ~xe
i=1

Thus by definition of the t-distribution and given that Z, and %;3_, Z7 are independent:

Zg

|: ~ I,'5 distribution
T

[An alternate formulation for this is as below:

5 5
_ 1 L1 .
5erz=gZzi & 5&:52(35—2}
i=0

=0

Using the facts:

» Z and S are independent
- 1
#= The random variable Z ~N (G‘E) distribution

= The random variable 552 ~ yZ distribution
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z
we can have — ~ tg distribution

5/48
1

ii.  Take blocks of 9 and 16 standard normal variates:
5 25
Y e Y g
i=1 i=10
As none of the subscripts of Z overlap, $,°-; Z7 & ¥,22,,Z7 are independent.

Thus by definition of the F-distribution and using the independence property:

(Bi=1Z7/9)
oL W Fy,, distribution
(x2,z2/16) ¢

[Total 4]
Solution 4 :

X has a gamma distribution with mean aA and variance a)\’. This means that the parameters of
X are aand 1/A.

The MGF of X is given as:
My(£) = (1 —t2)~= for t= %

The cumulant generating function (CGF) is defined as: Cx(t) :=log_[Mx(t)]

As (-1 < -t A £0), we can use the series expansion formula for log. function (from the tables):
Cx(t) = log,[Mx(2)]
= iﬂgs [(1 - tﬂ,} _E]

=—a=*log.[1+(—ta)]

= —ax [(—H} o0 G 20 G2 M ]

2 3 4

A2 A3 4
= (ad)t + (az )tg + (%)ta + (%):hr

Let the i cumulant of the distribution of X be denoted ;.
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L
We know that &; is the coefficient of% fori=1,2,3,4,..

Hence:
ot . .
e = | | i'={i—1)! @A’ fori=1,23.4 ..
So:
Ky = ad?

Ky = 2aA’

Ky = bad®
[Alternate Approach:

= CL0)= (i — 1) @A fori=1,234,..

Here: C }:j (0) is the value of i derivative of Cx (£) w.r.t. t calculated at t = 0.]

[Total 4]
Solution 5 :
Observe that for a randomly selected person:
e E[X+Y]=E[X]+E[Y]=50+ 20=70
e Var[X+ Y] =Var[X] + Var[Y] + 2 Cov[X, Y] =50+ 30+ 2(10) =100
Using Central Limit Theorem, T is approximately Normal with
e Mean: E[T]=100(70) = 7000
e Variance: Var[T] = 100(100) = 100°
Therefore:
P(T < 7050) = P[220 7020 — ?[][][]] ¥ P[Z < 0.5] = 0.69146
B 100 100 T
Here: Z is a standard normal variable
[Total 3
Solution 6 :
i. Weknow:
Area under each bar of a class-interval is proportional to the Frequency
Note:

e For 1* class-interval: Area = (60.5-59.5)*6 = 6 & Frequency = 12
e For 3" class-interval: Area = (65.5-61.5)*2 = 8 & Frequency = 16
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Similarly if one checks the remaining intervals for which we know the frequency, we see that
that the frequency is 2 times the area under the bar.

This means that the frequency of the interval (75.5 — 78.5) will be 2 times the area of the bar.
In other words: Frequency = 2 * [(78.5 —75.5) * 1.5] =9.

For the last interval, Frequency = 2 * [(90.5 — 78.5) * 0.5] = 12 using similar arguments.

[Alternately, the Frequency of last interval can be obtained as 140 — X(freq) = 140 - 128 = 12
where 2 is over the first 7 class intervals.]

iii. Expand the frequency distribution table and compute cumulative frequency (CumFreq):

t Frequency CumFreq Proportion
59.5 - 60.5 12 12 I
60.5 - 61.5 14 26 019 o~
61.5 - 65.5 16 42 030 -
65.5 - 67.5 2 66 047 0T
67.5 - 70.5 33 99 o7
70.5 - 75.5 20 119 085  au7s" |
75.5 - 78.5 9 128 091 - T
78.5 - 90.5 12 140 1.00
140

Using the Proportion column we can conclude that Q, lies in interval (61.5 — 65.5), Q, lies in the
interval (67.5 —70.5) and Qg lies in interval (70.5 — 75.5) using the definitions of the quartiles.

As this is a grouped data, the ith quartile (Q;) will correspond to the N*(i/4)™ observation fori =1,
2 & 3 and N = 140.

Assuming the values are distributed uniformly and applying linear interpolation:

140 « (%:1 — 26
Qu: 61.5+(655—615) | —25—| = 6375
[140 « (%] — 6]
Q2 675+ (705 675) x |[—5 -2 —| = 67.86
[140 « @) — g9
. 70.5 + (755 — 70.5) * |——* " — 72.00
Qs ( )*| =115 99
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jii. Using the given definition of skewness:

(Q1 —2Q; +Q3)
IQR

skew =

(Q1 —2Q; +Qa)

Q:— Q4
_ 63.75— 2x67.86 +72.00 _ 0.003
N 72.00 — 63.75 o

This indicates that there is (slight) positive skewness in the data.

[Total 10]

Solution 7 :
A random variable X has the probability density function

flx) = 2
C x
E exp(— ,.), x=0

20°
Here: 0 > 0 is an unknown parameter and c is a given constant.

i. For f(x) to be valid density, we must have:

j:-f{x}dx =1

or, jf(x}dx+ j flx)dx=1
—oa o
0

x? ml x?
or, ¢ jexp 3 dx+J‘E exp 352 dx|=1
0

o oo -1

x? 1 x?
or, €= jexp 3 dx+j; exp T3 52 dx
o

— o0
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Similarly: Median [N(O, 02)] = 0. This means:

[Alternately:

As the value of ‘c’ does not depend on choice of o, we can derive ‘c’ by setting the value of o = 1.
In that case:

- -1

[ ¢ x2 xZ
= —= ax+ ~=d
c jexp( 2) x jexp( 2) x
)

— o0

-1

-1

1 J‘ 1 ( :ﬁ)d
=—% r—— = _—— X
V2 _mw"zi'r P 2

1
= _“2_ given that the integral equals to 1 as it is total probability of a N(0,1)distribution
N

]

ii. If 0 = 1, then the given distribution is the standard Normal (i.e. Normal distribution with mean 0
and variance 1).

iii.  The likelihood equation for the given data will be:

1(o: ¥) = ( 1 )5 exp {_ (—0.42)2+ (-147)% + (—0.295}2 +(~0.39)2 + (-051)2

/21
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( 1 )5 { (2.80}9+(ﬂ.31}2+(ﬂ.2ﬂ}2+(1.15}2+(2.18}2]
* EXp | —

2ra 2 gt

Taking logarithm,

I(o; X) = constant — 5 « log, () — [(E.BﬂF +(0.31)2 + (0.20)2 + (1.15) 2 + (2.13}2]

207
14.051
= constant — 5 x log (o) — 552

Differentiating w.r.t. ¢ we get:

gl 5 14.051

dc o o3

. a1
Solving: Pl 0, we get

)
o~ -l
GaLe = < 14,051 = 2.8102
= Gy =V2.8102 = 1.6764
821 5  3+14.051 )
Checlc: s =3~ =% <0 = maximum
do= o° T BMLE L6764
[Total 10]
Solution 8 :

i.  The pivotal quantity of the form g@, EI) should possess the following properties:

e itis afunction of the sample values and the unknown parameter 6
. its distribution is completely known
e itismonotonicin©.

iil.
(a) Using the given values of the sample (in units of ¥ ‘000):
e Sample mean: x = 645.20
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. 1 5 —_——
e Sample standard deviation: 5 = ,J;E":x:' — %)% =+/25.70 = 5.0695
As the sample come from a Normal distribution N (p,5%),
X—p o
— ~ t, distribution
5/4/5
From the statistical tables, we have:
0.95 = P[-2.776 < t, < 2.776]
X—p
or, 095 =P |-2776 < — = 2776
5/4/5
or, 095=P[X—2776+5/N5<pu<X+ 2776+ 5/5]
or, 0.95 = ]13‘[54-5.2{] —2.776 % 5.0695/4/5 < o< 64520 + 2.776 = 5.0595,-%’3
or, 0.95 = P[638.9 < u < 651.5]
So, a 95% confidence interval for the average salary W is (638.9, 651.5).
(b) As the sample come from a Normal distribution N (),
457 g
p ¥ distribution
From the statistical tables, we have:
0.95 = P[0.7107 < 2]
or, 0.95 =P |[0.7107 < —
095 =PF - 2 45
on o BT =T 07107
2 (5.0695)
ar, 095 =P|g < ——
4/ 0.7107

or, 095 =Pl < 12.0]

So, a 95% confidence interval of the form “o < L” is (0, 12.0).

[Total 11]
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Solution 9:

Male Bowlers: Paired-Data

ny =10, %, = 24.9, 51= (213.656)"° = 14.617

A 95% confidence interval for male group (assuming normality) can be calculated:
%, +15(0.025) —=
n

R
14.617

=249+2.262* T

J
=(14.444, 35.356)

Female Bowlers: Paired-Data

nz =10, & ,= 20.7, 52= (326.456)*° = 18.068

A 95% confidence interval for female group (assuming normality) can be calculated:
- =
X .+ 5 (0.025) =
“ Wy

18.068

=20.7+2.262* —
~10

= (7.775, 33.625)

None of the intervals include zero, and therefore there is sufficient evidence (at 5% significance)
that the special diet has an effect on the bowling speed, i.e. it increases the bowling speed for
both males and female bowlers.

Testing Common Variance

Assuming that the impacts of diet data come from normal distribution: N(;,0,") & N{ug,03):

512,&712

—= ~ Fhq distribution
5 ’;55 3,9

Totest: Ho: oy = o5 against Hy: of = 03
s
The test statistic value under Hy is == 0.654
I

The Fgy4 distribution has lower and upper 2.5% critical points at 0.248 and 4.026. Our observed
value (0.654) is well within the range between the critical points. Therefore there is no evidence
(at 5% level) to suggest that the variances differ of the impact in the male and female samples.
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V. Two-Sample t-test

Using the inference from part (iv), we have

(?1—?:}—":#1—#:3' -
1 1

[— 4 —
Sp‘\l ny * Ny

tn,+n,—2 distribution

(ny — 1)S% + (ny — 1)52

= 270.056 = (16.433)*
My +n, —2 ( )

Here: the pooled variance: 5; =

To test: Hg: i1 = {zagainst Hq: iy F Ho

The test statistic value under Hy is

(6 —%))  249-207 051
o [E+ L jeuss [Ai1
Fany  ng ' *Jﬁ+ﬁ

t,2(0.025) = —2.101 & £,5(0.975) = 2.101

There is no evidence to reject the null hypothesis at the 5% level that the mean impact due to
the specialised diet is same for male and female bowlers.

[Total 16]

Solution 10 :

i.  The relevant summary statistics to compute correlation coefficient are:
, 2 39)°
S = Zx‘ —nx =207 —10 « (ﬁ) = 54.90

— 39y /562
Sy = ny —nxy = 2853 — 10 = (ﬁ) (ﬁ) = 661.20

&

, 2 562
Sy = Z}r —ny =40508 — 10 * (ﬁ) = 8923.60

Correlation Coefficient Say 661.20 945
arrelartion Loerricient r = = —
VSee/Syy  V54.9018923.60
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ii. Fitted Linear Regression Equation

The coefficients of the regression equation are:

E’ _ Sﬁ _ 661.20 1204
S 5490
. _— 562 39
=% — %X =(ﬁ)—12.{]4*(ﬁ) =923

Therefore, the fitted regression lineis: v = @ + E‘x =023 4+ 12.04x

jii. Relation: SStot = SSgreg + SSres

SSror = Syy = 8923.60

Sy (661.20)2
SSRE_:_-= 5}-_}-— [ = 8923.5ﬂ—w= 960.30
X i

SSREG = 51‘@1"_ SRE_I.'" = 8923.5{] - 95{].3{] = ?953.3{]

iv. Coefficient of Determination:

Sey' _ SSgec _ 7963.30

SexSyy  SSror 8923.60

R? = = 0.58924

For the simple linear regression model, the value of the coefficient of determination is the
square of the correlation coefficient for the data, since,

5.
0945 =p= —  _ [R? —/0.8924
(Sx:r* 5}'}'}[:"5 v

[Total 10]

Solution 11:
i.  We are carrying out the following test:

Ho: No significant difference between mean fees being charged by each parlour
v/s
H,: Significant difference between mean fees being charged by at least two parlours

To carry out the ANOVA, we must first compute the Sum of Squares:

(8,854)°
55r= 2,647,876 — 30 - 34,765 .47
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-
r

4
=12,109.47

¥

1 b = =+ =3 bl -
555 = < (1,4942 + 1,318% + 1,654% + 1,480% + 1,418% + 1,490%) —

SSgp= S§5;— 555 = 22,656.00

Source df SS MS F
Treatments 5 12,109.47 2,421.89 2.57
Residual 24 22,656.00 944.00
Total 29 34,765.47

From tables F5 24(5%) = 2.621
And observed F < 2.621

Therefore there are no significant differences, at the 5% level, between mean fees being
charged by each parlour.

ii. We have

S5k 2 2 o
5 ™~ Yap—e = X124 distribution
7 -

From the statistical tables, we have:

0.95 = P[12.40 < y3, < 39.36]

' S5k
or, 095=P|[1240<—L< 39.35]

g2

r S5 _ 5%
or, 095=P|—= 2 R]

=
3936 ~7 T 1240
122656 [22656

. 095 =P <<
or 1J|39.35 o | 1240

or, 0.95 = P[23.99 < ¢ < 42.74]

So, a 95% confidence interval for o is (23.99, 42.74).

[Total 8]
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Solution 12 :

P is a random variable having a beta distribution with parameters a (> 0) and B (> 0) defined over the
region (0, 1).

i.  The probability density function of P is defined as (same available in the Tables):

Ma+ )

“1(1-p)ft

The support for this density functionis0 < p < 1.
iii. It is expected that we derive the k™ raw moment from first principles.
For k = 0, the given equation is an identity.

For any other k > 0, we have:
1

E[P¥] = jp" flp)dp
o
- [P e -

_T@+p) T(@+k) [ Tla+k+p)
T T@ T@+p+R) Ma+k) @ F

_T‘(nx+,|5’} Mo+ k)
T e Tla+g+k)

atk—-1 (-l _ p},[?—i dp

[The integral equals to 1 as it is the total probability of a Beta(a+k,) random variable]

Putk=1:

E[P] = Ma+p5) Tla+1) B Ma+8) o Ma) e

TMa) Ta+f+1) T@ (@+fTa+tf a+f

NB: It is incorrect to set [(a+1) =a!. This is because ‘a’ is not necessarily an integer.

Putk=2:

Elp?] = Ta+p) Ta+2) B IMa +f) (e+1) alla)

Ma) Ta+p+2) Tla (@+p+Da+pTa+p)

_a o+ 1
T atfatf+1
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Thus:
- , o« e+l [ a 2
Var[P] = E[P?] - (EIPD Tatfa+f+1 (a+,|5’)
_alla+Dla+p)—ala+f+1)] aff
e+ a+F+1) C(a+p)qa+B+1)

i, IE[P(i - P)]

j (1-p) gﬁ;;g} pet (1 —p)F1 dp

F(a+ﬁ}f‘(a+1}f‘(ﬂ+1} Ma+p+2)
F(a}f‘(ﬁ} TMa+p+2) I‘(a +1)T(E + 1}

rx+1—1 (1 — p} f+1-1 tip

[The integral equals to 1 as it is the total probability of a Beta(a+1,3+1) random variable]

Ma+p)Ma+1)T(E+1)
CTMe)r(g) Tle+p+2)

_T(a+p) al(az) BT(A)
- M@ (a+p+1(a+ ) Tla+B)

_ af
T e+ a+p+1)

[Alternately: E[P(1-P)] = E[P] — E[P’] and plug in values obtained in part (ii)]

iv. Fori=1,2 .. n, we have:

e X is the random variable which takes the value of 1 if the trial is successful for the i™" patient
and 0 otherwise;

e P, denotes the probability that the drug trial will be successful for the it patient. P; follows a
Beta distribution with parameters a (> 0) and B (> 0).

Thus: X; | P; ~ Bernoulli(P;)

5= E;’ZIXE- is the total number of successful trials among the n patients.

(a) IE[5]=Z]E[X]

Page 16



1Al CT3-0513

T
= Z E[EL{X,;|P,]] using conditional expectation theory

!
= Z IE[PE] HSX:' |Pi o~ BErnUulli(Pi} = ]E[X: |P:] = P:'

a
= oy as P, ~ Beta(e, 8) = E[Pf]=ﬂ+ﬁ

from part (ii)

(b) War[5] = Var X;

i=1

(]

= Z'\':Jalr[}fi] as X; s are independent
i=1
(]

= Z["E-Falr [E{X;|P,}]+ E[Var{X;|P.]]] using conditional expectation theory
i=1

= Z[‘Halr [P+ E[P,(1—P)]] = X;|P. ~ Bernoulli(P,) = Var[X;|P.] = P,(1—P.)
i=1
(]

_ af aff . o
- ; [(rx+ﬁ}2(g+ﬁ + 1} + 'l:o:+ ,5’](0: Iy 1}] using results in (ii) & (iii)
naff
“@+pNa+p+ D) [1+(a+p)]
_ naf
“(a+p)?
[Total 18]
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